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ABSTRACT: We present the results of molecular dynamics simulations of polyelectrolyte solutions in
near-Θ-solvent conditions for polymer backbone. Polyelectrolyte solutions are modeled as an ensemble of
bead-spring chains of charged Lennard-Jones particles with explicit counterions. Simulations were
performed for both fully and partially charged polyelectrolyte chains with the number of monomers N
varying from 25 to 300 in the range of polymer concentrations covering both dilute and semidilute regime.
Polyelectrolyte chains in dilute solutions are nonuniformly stretched with the projection of the linear
monomer density onto the end-to-end vector increasing logarithmically from the middle of the chain.
The simulation results for chain size dependence on the degree of polymerization at different polymer
concentrations are in good qualitative agreement with predictions of the modified scaling model that
takes into account nonuniform stretching of polyelectrolyte chains. In semidilute solutions we confirm
that the correlation length is inversely proportional to the square root of polymer concentration. By
measuring the bond angle correlation function, we have determined that polyelectrolyte chains can be
viewed as flexible chains with the persistence length proportional to the correlation length. Our results
for the concentration dependence of chain size Re on polymer concentration for the longest chains (N )
187 and N ) 300) are approaching the power law c-1/4, predicted by the scaling model of salt-free
polyelectrolyte solutions.

1. Introduction

Polyelectrolytes are polymers with ionizable groups.1-8

In polar solvents such as water, these groups can
dissociate, leaving charges on polymer chains and
releasing counterions in solution. Electrostatic interac-
tions between charges lead to the rich behavior of
polyelectrolyte solutions qualitatively different from
those of uncharged polymers.9-11

Computer simulations of polyelectrolytes over the
past 20 years have proven to be a valuable tool for
elucidation of structural and physical properties of
charged systems as well as for verification of old models
and creation of new theoretical models. The conforma-
tional properties of an isolated polyelectrolyte chain in
a salt-free solution have been investigated by lattice
Monte Carlo simulations12-15 as well as by off-lattice
Monte Carlo simulations of several different polyelec-
trolyte models: of a chain made of hard spheres con-
nected by rigid bonds with fixed valence angles,16 of a
freely jointed chain,17 and of a bead-spring chain.18-22

These simulations support the scaling prediction that
a polyelectrolyte chain crosses over from a coil to a
rodlike (or extended) conformation with increasing
strength of electrostatic interactions.

Systematic Monte Carlo (MC) studies of the polyelec-
trolyte size dependence on its degree of polymerization,
performed by different groups,18-22 have shown that the
chain size grows with the degree of polymerization N
as R ∼ N(ln N)0.33. The nature of this deviation from

the simple scaling law, R ∼ N, is due to the variation of
the elongation along the chain. Polyelectrolytes are more
strongly stretched in the middle than at the ends, which
yields a weak logarithmic correction to the chain
size.22,23

With the explosive growth of computer power in
recent years, it is possible to perform large-scale simu-
lations of charged polymeric systems with explicit
counterions.24-29 Chemical details of real monomers are
ignored in these simulations. Polyelectrolyte chains are
modeled as connected monomers, with each monomer
representing a group of chemical units. Solvent is
modeled by a continuous medium, with macroscopic
physical properties. In molecular dynamics simulations
with explicit counterions, the long-range electrostatic
interactions between charged species are taken into
account by the Ewald summation method, including
interactions with all periodic images of the system.

Recently, Stevens and Kremer24-26 reported molecular
dynamics simulations (MD) of dilute and semidilute
polyelectrolyte solutions using spherical approximation
of Adams and Dubey30 for the Ewald sum. They found
two regimes in the concentration dependence of the peak
position in the monomeric structure factor. At low
concentrations, the wavevector at the peak position
scales with polymer concentration as c1/3, which corre-
sponds to the interchain correlations in dilute solutions.
At higher concentrations the wavevector at the peak
position scales is c1/2 and corresponds to the correlation
length in semidilute solutions.

Despite significant computational efforts, the puzzle
of polyelectrolyte solutions is far from being completely
resolved even for salt-free solutions. There are still some
doubts about the validity of simple scaling assumptions
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for strongly charged polyelectrolytes in the presence of
counterion condensation. An unexpected result observed
in simulations26 was that the chains contract signifi-
cantly due to counterion condensation before they
actually overlap. It was argued that the fraction of
condensed counterions increases with polymer concen-
tration, leading to the decrease of the effective charge
on the chain and resulting in contraction of polyelec-
trolyte chains even in dilute solutions. This effect of the
counterion-mediated chain contraction was ignored in
the simple scaling model (see ref 2 for review). Further-
more, these simulations did not support the correlation
blobs’ picture of semidilute polyelectrolyte solutions
used in the scaling theories. The exponent for the
concentration dependence of the chain size was reported
in ref 26 to have much smaller absolute value than 1/4
predicted by the scaling theory. This discrepancy can
be attributed to the finite size effects in simulations of
short chains. The simulations of solutions with longer
polymers help illuminate the influence of chain ends on
polyelectrolyte conformations. We performed molecular
dynamics simulations of dilute and semidilute polyelec-
trolyte solutions aimed at elucidating the factors re-
sponsible for the discrepancy between the simple scaling
predictions and the results of previous computer
simulations.24-26

The rest of the manuscript is organized as follows.
The simulation model and the algorithms are described
in section 2. Section 3 gives a detailed account of the
simulation results for the end-to-end distance, overlap
concentration, correlation length, and the persistence
length of polyelectrolytes in salt-free solutions as func-
tions of chain length and polymer concentration. Finally,
in section 4 we discuss our results.

2. Model and Methodology
Polyelectrolyte solution is represented by an ensemble

of M bead-spring chains of N monomers, Nc counterions
per chain, and fraction of charged monomers f ) Nc/N
confined into a cubic simulation box of size Lc with
periodic boundary conditions. All charged particles are
taken to be monovalent ions, and therefore, the total
number of charged monomers is equal to the number
of counterions MNc (see Table 1 for the values of these
parameters). Excluded-volume interactions between
every pair of monomers are included via the truncated
Lennard-Jones (LJ) potential set to zero at the cutoff

where the cutoff distance is equal to rc ) 2.5σ. The
parameter εLJ controls the strength of the short-range
interactions, and the effective interaction parameter for
the Θ condition is given by (0.34 ( 0.02)kBT for the
uncharged system.27 Here, kB is the Boltzmann constant
and T is the absolute temperature. In all of our simula-
tions we set εLJ to a value of 0.5kBT, which for strongly
charged chains corresponds to a near-Θ condition, with
thermal blob much larger than electrostatic blob.

The connectivity of monomers in the chains is main-
tained by the finite extension nonlinear elastic (FENE)
potential

where k ) 7εLJ/σ 2 is the spring constant and R0 ) 2σ is
the maximum bond length at which the elastic energy
of the bond becomes infinite. The FENE potential only
gives the attractive part of the bond potential. The
repulsive part of the bond potential is provided by the
LJ interaction (eq 1).

A shifted Lennard-Jones potential is also used to
describe the pure repulsive excluded-volume interac-
tions between any pair of counterions and between a
monomer and a counterion.

The parameter σ was chosen to be the same for both
monomers and counterions.

Solvent molecules are not included explicitly in the
simulations. The solvent is modeled by a dielectric
medium with the dielectric constant ε. In such continu-
ous representation of the solvent, all charged particles
interact with each other via unscreened Coulomb po-
tential

where qi is the charge valence of the ith particle being
equal to (1 for monovalent charges. The Bjerrum length
lB ) e2/(εkBT) determines the strength of the electro-
static interactions. In our simulations its value was
chosen to be equal to 3σ. The electrostatic interactions
between all charges in the simulation box and all of
their periodic images were computed by the smoothed
particle mesh Ewald (SPME) algorithm31 implemented
in the DL_POLY version 2.12 software package.32

We performed simulations of two different polyelec-
trolyte systems: (i) fully charged polyelectrolytes, with
every monomer charged, and (ii) partially charged
polyelectrolytes, with every third monomer carrying a
charge.

The constant temperature ensemble simulations were
performed by coupling system to the Langevin thermo-
stat.33 In this approach the motion of each particle is
described by the Langevin equation

where vbi is velocity of the ith particle, m is the par-
ticle mass, FBi

R(t) is the stochastic force acting on
the ith particle with zero average 〈FBi

R(t)〉 ) 0, and
delta-functional correlations 〈FR,i

R(t)Fλ,j
R(t′)〉 )

2kBTâδRλδijδ(t - t′). FBi(t) is the net deterministic force
from all other particles, which includes the contributions
from the Lennard-Jones, FENE, and Coulomb terms
described above, and â is the friction coefficient. The
friction coefficient was set to â ) m/τLJ, where τLJ is the
standard LJ time τLJ )(mσ/εLJ)1/2. The value of the
friction coefficient â is (kBTm/2σ)1/2 because we set

Table 1. Simulation Parameters

N 25 25 40 40 60 61 94 94 130 187 187 300
M 40 40 20 16 16 20 16 16 16 10 10 15
f 1 1/3 1 1/3 1 1/3 1 1/3 1 1 1/3 1
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εLJ ) kBT/2 in our simulations. A velocity Verlet
algorithm was used to integrate the equation of motion
(eq 5) with a time step equal to ∆t ) 0.014τLJ.

An alternative method was used to simulate a system
of 15 chains with 300 beads coupled to the Nose-Hoover
thermostat.34 The Nose-Hoover thermostat is imple-
mented by adding a time-dependent friction term to the
Newton’s equation of motion of the ith particle

The friction coefficient ø is controlled by the first-order
differential equation

where τNH is the time constant, which is equal to 0.5τLJ
in our simulations, T is the instantaneous temperature
of the system, and Text is the temperature of the
thermostat. This method appears to be more efficient
than using the Langevin thermostat, leading to shorter
relaxation time of the measurable chain properties, such
as correlation function of the end-to-end vector.

We compared the results of simulations for the fully
charged polyelectrolyte chains with the degree of po-
lymerization N ) 94 obtained by molecular dynamics
simulations using the Langevin thermostat with those
obtained from the simulations using the Nose-Hoover
thermostat in both dilute (c ) 1.5 × 10-3σ-3) and
semidilute (c ) 3.0 × 10-3σ-3) solutions. The polymer
concentration c is defined as the number of monomers
per unit volume. The results of both simulations are
shown in Figure 1. As one can see, both methods give
similar results for the chain size Re (see Figure 1a) and
the monomer-monomer pair correlation function g(r)
defined in eqs 27, 28, and 15 (see Figure 1b). However,
the time correlation functions of end-to-end vectors,
shown in Figure 1c for the same polyelectrolyte chains,
decay almost 10 times faster for the Nose-Hoover
thermostats in comparison with the Langevin thermo-
stat.

The MD simulations were performed by the following
procedure. The initial conformations of polyelectrolyte
chains in the cubic cell with periodic boundary condi-
tions were generated as a set of self-avoiding walks. The
counterions were placed randomly in the free volume
of the simulation box. The box contained between 15
and 40 chains in our simulations. Both dilute and
semidilute solutions of chains with degree of polymer-
ization N varying from 25 to 300 (see Table 1 for details),
value of the Bjerrum length lB ) 3σ, were studied in
the range of polymer concentrations c from 1.5 × 10-7σ-3

to 0.15σ-3. The simulations were carried out at constant
temperature T ) 2εLJ/kB using the Langevin (for N
between 25 and 187) or the Nose-Hoover thermostats
(for N ) 300). The number of MD steps was chosen large
enough to allow the mean-square end-to-end distance
and the mean-square radius of gyration to relax to their
equilibrium values. This requirement led to the range
of simulation runs between 100 000 and 4 000 000 MD
steps (2-10 relaxation times of the end-to-end vector
of chains) depending on the chain length and polymer
concentration.

3. Results and Discussion
3.1. Dilute Solutions. a. Nonuniform Stretching

of Polyelectrolyte Chains. The intrachain electro-

static interactions dominate over the interchain ones
in dilute solutions. To separate different length scales
involved in the problem, it is useful to introduce the
concept of electrostatic blob.2,35-37 The nonuniform

Figure 1. (a) Evolution of the root-mean-square end-to-end
distances during simulation run for strongly charged chains
with f ) 1 and N ) 94. Langevin thermostat (solid line) and
Nose-Hoover thermostat (dashed line). (b) Monomer-monomer
pair distribution function for strongly charged chains with f
) 1 and N ) 94. Abbreviations in the figure legend: Langevin
thermostat (LT) and Nose-Hoover thermostat (NH). (c) Time
correlation function of the end-to-end vector for strongly
charged chains with f ) 1 and N ) 94. Abbreviations in the
figure legend: Langevin thermostat (LT) and Nose-Hoover
thermostat (NH).
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stretching of a polyelectrolyte chain2,23 can be included
by assuming that the blob size, De(z), as well as the
number of monomers in it, ge(z), depends on the position
z along the direction of chain stretching (see Figure 2).
The conformations of the chain inside the electrostatic
blob are almost unperturbed by the electrostatic inter-
actions. For a Θ-solvent for uncharged polymer back-
bone the relation between the blob size and the number
of monomers in it is expected to be De ≈ bxge, where b
is the Kuhn length of the order of σ for our flexible
polymers. For a single chain at extreme dilution we can
neglect the effect of counterions. The reduced electro-
static potential at average position z along a single
isolated chain is defined as æ(z) ) eψ(z)/(kBT), where
ψ(z) is the electrostatic potential at position z. The
reduced electrostatic potential can be estimated by
assuming one-dimensional charge distribution.

Here, f is the fraction of charged monomers on the chain,
Re is chain size along the direction of elongation, and
the center of the chain is located at z ) 0. Assuming
that the blob size De(z) varies weakly with z and taking
into account the relation between the number of mono-
mers ge(z) in an electrostatic blob and its size De(z), we
can simplify expression 8

where u is the ratio of the Bjerrum length lB to the bond
size b. Equation 9 is valid in the interval from -Re/2 +
De

0/2 to Re/2 - De
0/2, where De

0 ≈ b(uf 2)-1/3 is the size of
the electrostatic blobs at chain ends. We can self-
consistently find the electrostatic blob size using the
classical path approximation for a strongly stretched
chain. The force balance along the z-direction for a
continuous chain model with the position of a monomer
along the deformation direction z represented by z(n),
where n is the curvilinear coordinate along the chain
contour, is

The term on the left-hand side of eq 10 describes the
elastic force acting on the nth monomer, balanced by
the electrostatic force on the right-hand side of the
equation. This equation is valid at any point along the

chain except at chain ends where the tension v(n) )
dz(n)/dn vanishes (v(0) ) v(N) ) 0). The position of a
monomer along the chain can be uniquely described
within the strong stretching approximation by its
projection on the deformation direction z. In this case
the derivative d/dn can be transformed into the deriva-
tive with respect to z (d/dn ) v(z) d/dz). Defining the
local tension v(z) in terms of the number of monomers
ge(z) in the electrostatic blob and its size De(z) (v(z) )
De(z)/ge(z)), one can rewrite eq 10 for the electrostatic
blob size

The solution of this equation with the electrostatic
potential æ(z) given by eq 9 can be approximated by

Thus, the smallest electrostatic blob is in the middle of
the chain. This result is not surprising since the center
of the chain experiences stronger electrostatic repulsion
than chain sections closer to chain ends. The chain size
is obtained from the monomers’ conservation condition

The logarithmic term on the right-hand side of eq 13a
accounts for the nonlinear stretching of the polyelec-
trolyte chain. Similar results for the chain size can be
obtained using simple Flory-like arguments by balanc-
ing electrostatic and elastic energies of a polyelectrolyte
chain.2 An iterative solution of eq 13a yields the follow-
ing expression for the chain size:

However, eq 13b is only valid in the range of parameters
for which the chain size Re is smaller than the size of
fully stretched chain bN. This requirement leads to the
upper bound on the chain degree of polymerization N
< u-2/3f -4/3 exp(u-1/3f -2/3).

b. Monomer Density Distribution and Electro-
static Blob Size. In Figure 3a-c we compare the
projection of the monomer density on to the direction
of the end-to-end vector with the predictions of the
scaling theory (eq 12)

where F0 and B are adjustable parameters. These figures
show an increase of monomer density with distance z
from the chain center. The agreement between the
modified scaling model and simulations is superb in the
middle of the chain where the density fluctuations are
small. However, fitting curves deviate from the simula-
tion curves close to the chain ends. This discrepancy
with the model predictions is not surprising since we
used the strong stretching approximation that breaks
down near the chain ends where chain tension de-
creases. The thickness of this fluctuating region near

Figure 2. Schematic sketch of a polyelectrolyte chain in a
dilute salt-free solution.

æ(z) ≈ lB(∫-Re/2
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chain ends is of the order of the Gaussian chain size
bxN because this is a typical length scale of the chain
size fluctuations.

The linear monomer density F(z) is proportional to the
blob size De(z) (see eq 14), and this set of plots (Figure
3) also shows the variation of the electrostatic blob size
De(z) along the direction of chain stretching. The varia-
tion in the electrostatic blob size between the middle
and the ends of the chain becomes less pronounced as
polymer concentration increases. This can be explained
by the effective reduction of the charge on the chain due
to counterion condensation. The effective charge on the

chain, rather than the bare charge, determines the
chain conformation. This effect can be included into the
model of nonuniform chain stretching by substituting
into eqs 8-13 fe instead of a bare f value.

Another way of estimating electrostatic blob size is
by comparing the difference in the elastic energy of the
chain section containing ge monomers with and without
charges to the thermal energy kBT. This method pro-
duces the variation of the electrostatic blob size with
the monomer index along the chain (instead of the dis-
tance along the end-to-end vector). The elastic energy
per bond of the uncharged chain includes contributions
from both the LJ and FENE potentials and is equal to
a constant Ue0 ) 4.63kBT independent of the chain
length. For charged chains the electrostatic interactions
between all charges in a system cause additional defor-
mation of chain bonds. The conformations of chain sec-
tions become strongly influenced by these electrostatic
interactions when the deformation energy exceeds ther-
mal energy kBT. Thus, comparing deformation energy
(Ue(k) - Ue0) at the kth bond with the thermal energy
kBT, we can estimate the number of monomers ge(k) ∼
kBT/(Ue(k) - Ue0) in the electrostatic blob. For example,
the typical energy of the deformed bond for the chain
with N ) 187 at polymer concentration c ) 1.5 ×
10-4σ-3 is Ue ≈ 4.96kBT. This leads to a typical number
of monomers in the electrostatic blob ge ≈ 3 and a typical
electrostatic blob size De ≈ 1.6σ. The electrostatic blob
size De ≈ 4σ estimated from the monomer density
function (see Figure 3c) is about 2.3 times larger than
the blob size estimated from the difference in the bond
energies. The difference between blob sizes is due to the
arbitrary choice of the bound of the bond deformation
energy determining the blob size. We can improve the
agreement between the two methods by setting this
value to 2kBT or even to 3kBT. In any case, both methods
give comparable values of the electrostatic blob size up
to a prefactor.

c. Chain Size. Figure 4 shows the end-to-end
distance at various chain lengths and concentrations
in dilute solution for fully charged chains (f ) 1).
We compare the data with scaling predictions given
by eq 13a by constructing a universal plot using
the value of the electrostatic blob size De obtained
from linear monomer density distribution F(z) averaged
along the chain elongation direction. The plot of
ReDe(ln eRe/De))-1/3 as a function of N is shown in
Figure 4b. Constructing this plot, we use the average
blob size De (see Table 2) instead of De

0 in eq 13a. All
data collapse on a universal curve that for longer chains
approaches a straight line with unit slope. This is direct
evidence of the nonuniform chain stretching and the
applicability of the strong stretching approximation. The
deviation from a straight line for short chains is due to
the finite size effect. The fluctuations of the end-to-end
distance for short chains are comparable with the
average size of these chains. These fluctuations can be
estimated from Figure 3. For chains with N ) 187

Table 2. Electrostatic Blob Size De Used in Figure 4b

c ) 5.0 × 10-3σ-3 c ) 1.5 × 10-3σ-3 c ) 5.0 × 10-4σ-3 c ) 1.5 × 10-4σ-3 c ) 1.5 × 10-5σ-3

N ) 25 4.50 4.24 4.18 3.64
N ) 40 4.57 4.14 3.80 3.66 3.29
N ) 60 4.84 4.20 4.02 3.70 3.35
N ) 94 4.59 4.11 3.94 3.39
N ) 187 3.63 3.30
N ) 300 3.33

Figure 3. Projection of linear monomer density on the
direction of the end-to-end vector for chains with N ) 60 (a),
N ) 94 (b), and N ) 187 (c). The symbols are results of MD
simulations of strongly charged chains (f ) 1), and the lines
are best fits to eq 14.
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monomers, the fluctuations in chain size x〈δRe
2〉 ≈ 10σ

are about 10% of average chain size whereas for chains

with N ) 40, the fluctuations x〈δRe
2〉 ≈ 4σ are about

25%. In both cases fluctuations are of the order of σxN
for these chains, which is about 14σ for N ) 187 and 6σ
for N ) 40.

d. Intrachain Correlation Function. Additional
information about chain structure can be obtained by
analyzing the intrachain monomer-monomer correla-
tion function that is proportional to the probability of
finding a pair of monomers on the same chain separated
by the distance r

where brackets 〈 〉 correspond to an ensemble average
over all chain conformations and rbij is the vector between
ith and jth monomers on the chain. The summation in
eq 15 is carried out over all pairs of monomers on the
chain. In the strong stretching limit the fluctuations of
the linear monomer density δF(z) along the chain
stretching direction z can be neglected in comparison
with the average linear monomer density F(z). In this
case eq 15 can be written in terms of the average linear
monomer density F(z)

where eb is a unit vector along the chain elongation
direction and brackets 〈 〉orient denote averaging over all
orientations of the unit vector eb. In the case of uniformly
stretched chain with the average linear monomer
density F(z) ) N/Re, eq 16 can be further simplified

where θ(x) is the step function (θ(x) ) 1 for x g 0 and
θ(x) ) 0 for x < 0). The intrachain pair correlation
function gintra(r) follows a simple scaling law r-2 for
distances r , Re. In the case of nonuniformly stretched
polyelectrolyte chain the average linear monomer den-
sity F(z) varies logarithmically along the elongation axis
(see eq 14). The intrachain correlation function gintra(r)
counts the number of monomer pairs separated by the
distance r. The summation over all monomer pairs leads
to additional averaging of the linear monomer density
F(z) along the chain deformation direction. Both the end
and the middle chain sections contribute to the function
gintra(r) (see eq 16). Because of such averaging of the
logarithmic function, one can expect the intrachain
correlation function gintra(r) to be close to that for
uniformly stretched chains (see Figure 5c). Figure 5
shows cgintra(r) for fully charged (f ) 1) polyelectrolyte
chains with degree of polymerization N ) 40 (Figure
5a) and N ) 187 (Figure 5b) in dilute solutions. At the
intermediate length scales r ) 3σ-6σ the slopes of the
curves are close to -2.0 ( 0.05 for all five polyelectrolyte
concentrations, in good agreement with theoretical

predictions (see eq 17). For comparison, we fit the
simulation result of cgintra(r) using the analytical form
(eq 17) obtained for the stepwise monomer density
distribution as well as by direct numerical integration
(eq 16) of the linear monomer density F(z) given in
Figure 3. The results for the fully charged chains (f )
1) with the number of monomers N ) 187 at polymer
concentration c ) 1.5 × 10-5σ-3 are shown in Figure
5c. One can see that agreement between simulation data
and both analytical results is excellent. In addition, it
demonstrates that nonuniform chain stretching is not
very important for the intrachain correlation function.
A good approximation of this correlation function can
be obtained from the uniform density profile.

e. Chain Contraction and Overlap Concentra-
tion. Polyelectrolyte chains begin to overlap when the
distance between them becomes of the order of their
size. Figure 6 illustrates the procedure for the estima-
tion of the overlap concentration by the comparison of
the concentration dependence of the distance between
centers of mass of chains (thick solid line) and of the
end-to-end distance (thin solid line) for chains with
degree of polymerization N ) 94. The two lines intersect
at polymer concentration c ) (1.9 ( 0.2) × 10-3σ-3,
which we define to be the overlap concentration c* for
these chains. Note that the chain size is not constant
below overlap concentration (see Figure 6), and the
chain contracts significantly due to screening by coun-
terions, which was not considered in the simple scaling

gintra(r) )
1

cN
∑
i*j

〈δ(rb - rbij)〉 (15)

gintra(r) )
1

cN∫-Re/2

Re/2 dz ∫-Re/2

Re/2 dz′ F(z) F(z′)〈δ(rb - (z′ - z)eb)〉orient )

1
2πcNr2∫-Re/2

Re/2 dz F(z) F(z + r) (16)

gintra(r) ) N
2πcr2

Re - r

Re
2

θ(Re - r) (17)

Figure 4. (a) Root-mean-square of end-to-end distance for
various chain lengths and f ) 1 in dilute solutions. (b)
Universal plot of root-mean-square end-to-end distances ob-
tained using eq 13 approaches solid line with slope 1 for longest
chains.
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theory.2,35-37 To illustrate this phenomenon further,
Figure 7 shows dependence of the chain size on polymer
concentration for different chain lengths and different
values of charge parameter f. The corresponding overlap
concentrations c* for chains with a different number of
monomers N are marked by arrows. All these curves
show contraction of chain sizes with increasing polymer
concentration. As one can see from Figure 7c,d, chains
contract with almost the same rate; however, shorter
chains reach saturation faster at higher concentrations.

For nonuniformly stretched chains, the relation be-
tween the number of monomers N and chain size Re is

given by eq 13a. Thus, the overlap concentration c* can
be estimated as

To verify this modified scaling prediction, we plot the
dependence of the overlap concentration c* on the chain
degree of polymerization N for partially f ) 1/3 (circles)
and fully f ) 1 (squares) charged chains in Figure 8a.
The solid and dashed lines correspond to eq 18. The
dependence of the overlap concentration c* on the chain
degree of polymerization N seems to follow the scaling
predictions eq 18 for the longer chains but deviates from
it for shorter ones. This deviation from the scaling law
can be attributed to the finite size effect. Short chains
are not stretched enough to allow use of the strong
stretching approximation in evaluation of their sizes.
It follows from Figure 8a that the simulation curves for
both charge densities f ) 1 and f ) 1/3 have similar
shapes. In Figure 8b we collapsed our simulation results
into one universal curve. The numerical factor for this
transformation is equal to 0.4. According to the scaling
theory, this factor should be inversely proportional to
the square of the ratio of the effective charge densities
on the chains. For weakly charged chains with bare
charge density f ) 1/3, this conversion factor is 0.11. This
discrepancy between 0.11 and 0.4 can be explained by
counterion condensation. The ratio of effective charge
fractions on the two chains obtained from the osmotic
coefficient is 0.69 (see ref 38), which is close to the
expected value x0.4 ≈ 0.63. Thus, effective charge
densities rather than the bare ones must be used for
evaluation of conversion factor.

3.2. Semidilute Solutions. a. Scaling Model. The
important length scale above the overlap concentration,
c > c*, is the correlation length ê the average mesh size
of the semidilute polyelectrolyte solution. Because the
charge on the section of the chain with gê monomers
within correlation length ê is compensated by counte-
rions, the average charge of the correlation volume ê3

is equal to zero. The interactions between correlation
volumes can be ignored in the zero-order approximation,
and the electrostatic blob size and stretching of a chain
can be estimated by taking into account only electro-
static interactions within correlation volume ê3. In fact,

Figure 5. Intrachain monomer-monomer correlation func-
tion in dilute solutions for f ) 1 and N ) 40 (a) and N ) 187
(b). The slopes are -2.0 ( 0.05 in the range r ) 3-6σ for all
concentrations. (c) Comparison of the simulation results with
predictions of eqs 16 and 17 (see text for details).

Figure 6. Concentration dependence of the chain size Re and
the distance between centers of mass of chains Rcm for
polymers with N ) 94 and f ) 1. The overlap concentration is
defined by Re ) Rcm.

c* ≈ N
Re

3
∝

ln-1/3(Re/De)

Re
2b

∝ N-2 ln-1(N/ge) (18)
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the multipole expansion of electrostatic interactions
between correlation volumes starts with quadrupole-
quadrupole terms due to cylindrical symmetry inside
the correlation volume. Thus, each charged monomer
experiences electrostatic repulsion from all other charged
monomers within the correlation volume and electro-
static attraction to the counterion background. This
approximation corresponds to the well-known Katchal-
sky’s cell model approximation.7,39-41 Electrostatic in-
teractions within correlation cell can be estimated by
assuming that the cell has cylindrical symmetry with
the polyelectrolyte chain located along the axis of the
cylinder. The electrostatic interactions per monomer are

where ccount(r) is the counterion density profile. In
eq 19, the first two terms describe the intrachain
electrostatic interactions between a charged monomer
and the chain section within correlation length ê. The
last term in this equation corresponds to attraction of
the charged monomer to the counterion background.
Since each monomer on the polyelectrolyte chain experi-
ences the same electrostatic interactions, except for the
monomers that are close to chain ends, we can assume

that the chains are uniformly stretched such that
ge(z)/De(z) ) constant. In this case the two integrals
over z in eq 19 can be evaluated easily. The last integral
also can be evaluated if the counterion density profile
around the polyelectrolyte chain is known. However, to
obtain scaling relations between correlation length ê and
polymer concentration, one can assume a uniform
density profile ccount(r) ) fc. This leads to the following
expression for the electrostatic interaction energy per
monomer:

The total interaction energy consists of the electrostatic
part Uel and the elastic contribution due to stretching
kBTDe

2/(b2ge) of a polyelectrolyte chain. Therefore, the
interaction part of monomer chemical potential can be
written as

This expression has to be minimized with respect to the
correlation length ê and the electrostatic blob size De
by taking into account the relation between the number
of monomers in electrostatic blob ge and its size (De

2 ∝
b2ge). This minimization leads to the following expres-

Figure 7. Concentration dependence of the chain size. (a) f ) 1 and (b) f ) 1/3. The overlap concentrations are marked by arrows.
The normalized plots are shown in (c) for f ) 1 and in (d) for f ) 1/3.

Uel

kBT
) 2lBf 2∫De/2

ê/2 ge(z)

De(z)
dz
z

+
lBf 2ge

De
-

2πlBf∫-ê/2

ê/2
dz ∫0

-ê/2 ccount(r)r dr

xz2 + r2
(19)

Uel

kBT
≈ lBf 2ge

De
ln( ê

De
) - lBf 2cê2 (20)

µ
kBT

≈ De
2

b2ge
2

+
lBf 2ge

De
ln( ê

De
) - lBf 2cê2 (21)
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sion for the correlation length

and the blob size

Thus, the correlation length (see eq 22) has only minor
logarithmic correction to the well-known scaling form
ê ∝ c-1/2 (see refs 2 and 35-37)

The electrostatic blob size (eq 23) increases logarithmi-
cally with polymer concentration. The concentration
dependence of the number of monomers in a correlation
volume ê can be obtained by imposing the close-packing
condition for chain sections of size êc ≈ gê/ê3. This leads
to the following concentration dependence of the number
of monomers within a correlation length2,35-37

where ce is the polymer concentration at which electro-
static blobs begin to overlap.

At the length scales larger than correlation length ê,
other chains and counterions screen electrostatic inter-
actions, and the statistics of a chain is that of Gaussian
chains with effective bond lengths of the order of the
correlation length ê. Thus, according to the scaling
model, chain size R in the semidilute salt-free polyelec-
trolyte solution is a random walk of correlation
blobs2,35-37

b. Correlation Length. The correlation length ê in
semidilute solutions can be estimated from the mono-
mer-monomer pair correlation function g(r) by compar-
ing the interchain and intrachain contributions. The
pair correlation function consists of intermolecular and
intramolecular contributions

The intramolecular correlation function was defined in
eq 15. The intermolecular contribution to the pair
correlation function is the sum over all pairs of mol-
ecules m and n (out of M chains in the system) and over
all pairs of monomers on these molecules

where rbij
nm is the vector between ith and jth monomers

on the chains n and m, respectively. The pair correlation
function g(r) is proportional to the probability of finding
a pair of monomers at distance r from each other. We
define the correlation length ê as the length scale at
which these intra- and intermolecular contributions to

the pair correlation function are equal. This means that
at this distance ê from a monomer on a given chain one
can find with equal probability monomers belonging to
the same or different chains. This method is designed
to work in semidilute solutions. However, it fails in
dilute solutions because the intrachain correlation func-
tion decays to zero exponentially fast at the length
scales larger than the chain size where interchain
contribution is still negligible. Figure 9 shows the pair
correlation functions for chains with degree of polymer-
izations N ) 40, 94, and 187 at monomer concentration
c ) 0.015σ-3 as well as the interchain ginter(r) and
intrachain gintra(r) contributions. The total monomer-
monomer correlation function g(r) is almost independent
of the number of monomers on a chain N (see upper
lines in Figure 9). However, both the intrachain and
interchain correlation functions demonstrate some N
dependence. The slope of the intrachain correlation
function for chains with degree of polymerization N )
40 at intermediate length scales is -1.96 ( 0.02. This
value is very close to the expected value -2 for strongly
extended sections. For the shortest chains with N ) 40,
the concentration c ) 0.015σ-3 is very close to the
overlap concentration c*N)40 ) 0.01σ-3; thus, the con-
formation of these chains is almost rodlike. However,
the conformation of the longer chains (N ) 94 and 187)
even at the length scales smaller than the correlation
length is not rodlike. The slopes of intrachain correlation
function at length scales 4.0 σ < r < ê are -1.63 ( 0.01

Figure 8. (a) Dependence of the overlap concentration on the
number of monomers for partially f ) 1/3 (circles) and fully f )
1 (squares) charged chains. Lines are predictions of eq 18. (b)
Universal curve for the dependence of the overlap concentra-
tion on the number of monomers. The solid line is given by
c* ∼ N -2 ln-1 N.

ê ln1/6(eê
De

0) ≈ (De
0

cb2)1/2

(22)

De ≈ De
0 ln-1/3(eê

De
0) (23)

ê ∝ c-1/2 ln-1/6(ece

c ) ∝ c-1/2 (24)

gê ∝ cê3 ∝ c-1/2 ln-1/2( e
cDe

0b2) ≈ c-1/2 ln-1/2(ece

c ) (25)

R ≈ ê(N
gê

)1/2
∝ N1/2c-1/4 ln1/12(ece

c ) ∝ N1/2c-1/4 (26)

g(r) ) ginter(r) + gintra(r) (27)

ginter(r) )
1

cMN
〈 ∑
n*m)1

M

∑
i)1

N

∑
j)1

N

δ(rb - rbij
nm)〉 (28)
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and -1.46 ( 0.01 for N ) 94 and 187, respectively. This
weak decay of the intrachain correlations may be an
indication of the polyelectrolyte chain flexibility at the
length scales r larger than the correlation length ê (see
discussion of the persistence length in semidilute solu-
tions below).

Figure 10a summarizes data for concentration depen-
dence of the correlation length ê for several chain
lengths. For the fixed chain length N, the slope of the
correlation length approaches the scaling value -1/2
deep in the semidilute regime. However, for the same
polymer concentrations, the correlation length increases
with increasing the number of monomers N and, finally,
saturates for longer chains. This saturation of the
correlation length indicates that the N dependence of
the correlation length is due to finite size effects. For
shorter chains there are not enough correlation blobs
per chain to completely suppress the contributions from
chain ends. A plot of ê/R(c*) as a function of c/c* (Figure
10b) provides an estimate (with the logarithmic ac-
curacy) of the number of blobs per chain. All our
simulation data collapse onto one universal curve. The
y-axis of this plot is inversely proportional (up to a
logarithmic correction) to the number of correlation
blobs per chain. The number of blobs per chain R(c*)/ê
in the semidilute solution increases with polymer
concentration as c1/2 as predicted by the scaling theory.
It follows from this plot that for short chains the number
of correlation blobs per chain does not exceed 10
throughout the entire semidilute regime. Finite size
effects dominate chain properties of such short chains.
However, for longer chains far from the overlap con-
centration, the number of blobs approaches 100, and
finite size effects are suppressed.

c. Persistence Length and Chain Size. The scaling
model of a polyelectrolyte chain in semidilute solutions
is based on the assumption of the existence of a single
length scalesthe correlation length ê. On length scales
larger than the correlation length ê, the conformations
of a polyelectrolyte chain in semidilute solutions are
assumed to be Gaussian. Thus, the polyelectrolyte chain
is assumed to be flexible at length scales of the order of
correlation length ê. To check this scaling hypothesis,

we estimated the persistence length lp in our simula-
tions. The persistence length lp (chain section containing
kp bonds) was calculated from the decay of the bond
angle correlation function along the chain contour given
by the following equation:

Here, bBs and bBs+k are the bond vectors of sth and
(s+k) th bonds. We estimated the persistence length lp
as the square root of the mean-square end-to-end
distance of a section of chain containing kp bonds. The
brackets 〈 〉 denote the averaging over different chain
conformations. We have performed averaging over dif-
ferent possible positions of s th bond vector along the
chain (s ) 0, ..., N - k), keeping the number of bonds k
between the two vectors constant.

Figure 11 shows the bond angle correlation function
of a fully charged (f ) 1) polyelectrolyte chain with
number of monomers N ) 300 at different polymer
concentrations in semidilute solutions. The bond angle
correlation function has two regimes. At small distances
within the electrostatic blob it decays very fast because
the electrostatic interactions are too weak to orient the
bonds. At the intermediate k values the decay is much
slower due to the electrostatic interactions. The persis-
tence length lp in our simulations was estimated from
the exponential decay of the bond angle correlation

Figure 9. Monomer-monomer correlation function g(r),
intrachain monomer-monomer correlation function gintra(r),
and interchain monomer-monomer correlation function ginter-
(r) for chains with N ) 40 (solid line), 94 (dash line), and 187
(dot line) in semidilute solutions at polymer concentration c
) 0.015σ-3. The correlation length is estimated as the distance
in which gintra(r) ) ginter(r). The slopes of the intrachain
monomer-monomer correlation function gintra(r) within cor-
relation blob (4σ < r < ê) are -1.96 ( 0.02, -1.63 ( 0.01, and
-1.46 ( 0.01 for N ) 40, 94, and 187, respectively.

Figure 10. (a) Concentration dependence of the correlation
length ê. The line with slope -1/2 is shown to guide the eye.
(b) ê/Re(c*) vs c/c*. The line with slope -1/2 is shown to guide
the eye.

〈cos φk〉 )
bBs‚bBs+k

|bBs||bBs+k|
∝ exp(-

k

kp
)
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function in the intermediate region.26 Figure 12 shows
our results for the concentration dependence of the
electrostatic persistence length lp(c) and the correlation
length ê(c) in semidilute polyelectrolyte solutions. As one

can see from this plot, both length scales are propor-
tional (in fact very close) to each other. These results
support the hypothesis of single length scale in semi-
dilute polyelectrolyte solutions in the range of degrees
of polymerizations investigated in our simulations.
Further confirmation of the scaling hypothesis2,35,37

comes from the plot Re/ê vs N/gê shown in Figure 13.
All points for chains with different degrees of polymer-
ization, different fractions of charged monomers, and
at different polymer concentrations have collapsed into
one universal line, with the slope 1/2 as expected for
Gaussian chains with N/gê correlation blobs.

Figure 14 shows our data of the end-to-end distance
for various chain lengths as a function of reduced
concentration c/c* in semidilute solutions. The results
show that the concentration dependence of the chain
size can be described by the power law R ∼ c-ν; however,
the exponent ν is N-dependent. We summarize the
effective exponent ν of various chain lengths N in Figure
15. Our simulation results clearly show the transition
from the weak concentration dependence of end-to-end
distance of polyelectrolyte chain, Re ∼ c-0.094 for

Figure 11. Dependence of the bond angle correlation function
on the distance k along the chain for polymers with N ) 300
and f ) 1 at different polymer concentrations. Semilogarithmic
scales.

Figure 12. Concentration dependence of the persistence
length lp and correlation length ê for chains with N ) 300 and
f ) 1. The arrow marks the location of the overlap concentra-
tion.

Figure 13. Dependence of the reduced chain size Re/ê on the
number of correlation blobs N/gê for chains with different
degrees of polymerization, fraction of charged monomers, and
at different polymer concentrations. Thin solid line has slope
1/2.

Figure 14. Dependence of the root-mean-square end-to-end
distance for chains with f ) 1 on reduced polymer concentra-
tion.

Figure 15. Variation of the scaling exponents for the root-
mean-square end-to-end distance with the reciprocal number
1/N of monomers on a chain in semidilute solution. The line
is the linear extrapolation of the exponents using the values
for the three longest chain lengths.
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N ) 25, to a stronger concentration dependence, Re ∼
c-0.22 for N ) 300. The concentration dependence of the
chain size for the longest chains approaches the pre-
dicted value of the scaling exponent of -1/4.

4. Summary

We have performed molecular dynamics simulations
of salt-free polyelectrolyte solutions composed of chains
with number of monomers N from 25 to 300. Polyelec-
trolytes were modeled as charged Lennard-Jones par-
ticles connected to each other by the finite extension
nonlinear elastic potential (eq 2). Counterions were
included explicitly in our simulations. The electrostatic
interactions between all charged species were taken
into account by the smoothed particle mesh Ewald
method.31,32 Constant temperature ensemble simula-
tions were performed by using Langevin and Nose-
Hoover thermostats.

Our simulations show that the projection of the linear
monomer density on the direction of chain elongation
varies logarithmically along the elongation axis due to
the nonuniform chain deformation in dilute solutions.
The agreement between simulations and scaling predic-
tions is excellent in the middle of the chain where the
chain experiences strong stretching. However, the simu-
lation data deviate from the scaling curves close to the
chain ends where strong stretching approximation
breaks down and fluctuations are important. The pro-
jection of the linear monomer density on the direction
of chain elongation is proportional to the electrostatic
blob size (see eq 14). Thus, polyelectrolyte chains can
be represented by an array of electrostatic blobs, with
size changing logarithmically along the direction of
chain elongation and with the smallest blob located in
the middle of the chain. Another consequence of the
nonuniform stretching of polyelectrolyte chains is a
logarithmic correction to the chain size dependence on
the degree of polymerization. Using the average value
of the electrostatic blob size, we were able to collapse
all simulation data for the chain size dependence on the
degree of polymerization for different polymer concen-
trations onto a single universal plot that approaches the
scaling curve for the longest chains. However, the
nonuniform stretching of polyelectrolyte chains in dilute
solutions is not important for the intrachain monomer-
monomer correlation function gintra(r). The intrachain
correlation function gintra(r) counts the number of mono-
mer pairs separated by the distance r. Both the end and
the middle chain sections contribute to the function
gintra(r) (see eq 16). Because of such averaging, the
intrachain correlation function gintra(r) is well approxi-
mated by that of a rodlike chain with uniform linear
monomer density (see Figure 5).

Crossover from a dilute to a semidilute regime occurs
at polymer concentrations at which the distance be-
tween chains becomes comparable to the chain size. In
our simulations we determined the overlap concentra-
tions by comparing the root-mean-square end-to-end
distance with the average distance between the centers
of mass of neighboring chains. The simulation data for
N dependence of polymer overlap concentration c*
approaches the scaling law N-2 ln-1 N as the degree of
polymerization N increases (see Figure 8b).

Correlation length (correlation blob size) ê is the
important length scale, corresponding to the mesh size
of a semidilute polyelectrolyte solution. The size of the
correlation blob ê in semidilute solutions can be obtained

by the comparison of intra- and interchain contributions
to the total monomer-monomer correlation function
and is associated with a length scale where these two
contributions are equal gintra(ê) ) ginter(ê). In semidilute
solutions we found that the total correlation function
is almost independent of the degree of polymerization
N, while both intra- and interchain contributions show
an N dependence. This N dependence of the inter- and
intrachain correlation function as well as of the correla-
tion length ê is more pronounced for shorter chains but
almost disappears for the set of our longest chains.
Thus, such N dependence can be associated with the
finite size effect. In the system of short chains the
contribution of the chain ends is comparable to that
from the middle of the chain, leading to a noticeable N
dependence. For shorter chains as well as for longer
ones close to overlap concentration there are about 3-8
correlation blobs per chain (see Figure 10b), which is
not enough to eliminate the end effects. The exponent
for concentration dependence of the correlation length
is close to -1/2, predicted by the scaling model for all
chain lengths.

The scaling model of polyelectrolyte chain in a sem-
idilute solution assumes that the chain statistics at the
length scales larger than correlation length ê is a
random walk of correlation blobs of size ê. To test this
assumption, we have evaluated the concentration de-
pendence of the persistence length lp(c) from the bond
angle correlation function. For our longest chains with
N ) 300, we found that the persistence length is
proportional to the correlation length ê (see Figure 12).
Further evidence of chain flexibility comes from the plot
of the reduced chain size R/ê as a function of the number
of correlation segments N/gê (see Figure 13), which
shows exponent 1/2 predicted by the scaling model.2,35,37

However, a word of caution should be said. The propor-
tionality between persistence length and correlation
length can be due to the fact that our chains are too
short to observe the stiffening of polyelectrolyte chains
caused by intrachain electrostatic interactions beyond
the screening length that coincides with the correlation
length ê in semidilute solutions. Such stiffening of
polyelectrolyte chains in semidilute polyelectrolyte solu-
tions was predicted by Khokhlov and Khachaturian
(KK),42 who generalized the Odijk,43 Skolnick,44 and
Fixman44 (OSF) model of the electrostatic persistence
length of a single polyelectrolyte chain with screened
Debye-Huckel interactions. According to the KK model,
the electrostatic persistence length lp is proportional to
the square of the screening length (lp ∼ ê2/De). Unfor-
tunately, even in single-chain simulations the asymp-
totic OSF behavior of the persistence length was only
observed for significantly longer polyelectrolyte chains
with degrees of polymerization larger than N ) 2048.45-47

In simulations of shorter chains with N ) 256 and 512
it was impossible to distinguish between linear and
quadratic dependences of the persistence length lp on
the screening length.

According to the scaling model with lp ∼ ê, a chain
size R decreases with polymer concentration as c-1/4. In
our simulations the exponent for the concentration
dependence of the chain size R is N-dependent (see
Figure 15). It changes from the value -0.094 for the
shortest chains with N ) 25 to the value -0.22 for the
longest ones (N ) 300). This result for longest chains is
very close to the prediction (-1/4) of the scaling
model.2,35,37
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